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We apply the generalized second law of thermodynamics to discriminate among quantum corrections
(whether logarithmic or power-law) to the entropy of the apparent horizon in spatially Friedmann–
Robertson–Walker universes. We use the corresponding modiﬁed Friedmann equations along with either
Clausius relation or the principle of equipartition of the energy to set limits on the value of a
characteristic parameter entering the said corrections.
© 2010 Elsevier B.V. Open access under CC BY license. 1. Introduction
As is well known, event horizons, whether black holes’ or cos-
mologicals, mimic black bodies and possess a nonvanishing tem-
perature and entropy, the latter obeying the Bekenstein–Hawking
formula [1–3],
SBH = kB A
4l2pl
. (1)
This expression, in which kB stands for the Boltzmann constant,
A the area of the horizon, and lpl =
√
Gh¯/c3 the Planck’s length,
points to a deep connection between gravitation, thermodynamics,
and quantum mechanics, still far from being fully unveiled though
progress in that direction are being made—see, e.g., [4,5] and ref-
erences therein. Recently it was demonstrated that cosmological
apparent horizons are also endowed with thermodynamical prop-
erties, formally identical to those of event horizons [6].
The connection between gravity and thermodynamics was rein-
forced by Jacobson, who associated Einstein equations with Clau-
sius’ relation [7], and later on by Padmanabhan who linked the
macroscopic description of spacetime, given by Einstein equations,
to microscopic degrees of freedom, N , through the principle of
equipartition of energy, i.e.,
E = 1
2
NkB T . (2)
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rived to the equipartition law [8] and indicated how to obtain the
ﬁeld equations of any diffeomorphism invariant theory of gravity
from an entropy extremising principle [9], the entropy of space-
time being proportional to N .
On the other hand, quantum corrections to the semi-classical
entropy-law (1) have been introduced in recent years, namely, log-
arithmic and power-law corrections. Logarithmic corrections, arises
from loop quantum gravity due to thermal equilibrium ﬂuctuations
and quantum ﬂuctuations [10–12],
S ∝
[
A
4l2pl
+ α ln A
4l2pl
]
.
On its part, power-law corrections appear in dealing with the en-
tanglement of quantum ﬁelds in and out the horizon [13],
S ∝ A
4l2pl
[
1− Kα A1−α/2
]
.
In the last two expressions, α denotes a dimensionless parameter
whose value (in both cases) is currently under debate.
For the connection between horizons and thermodynamics to
hold, these quantum entropy corrections must translate into mod-
iﬁcations of the ﬁeld equations of gravity, see e.g. [6,14,15]. In any
sensible cosmological context these modiﬁcations must fulﬁll the
generalized second law (GSL) of thermodynamics. The latter asserts
that the entropy of the horizon plus the entropy of its surround-
ings must not decrease in time. As demonstrated by Bekenstein,
this law is satisﬁed by black holes in contact with their radia-
tion [16].
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mann equations coming from logarithmic corrections and from
power-law corrections, in conjunction with Clausius relation or the
equipartition principle, are compatible with the generalized sec-
ond law. This will set constraints on the parameter α introduced
above, whose value is theory dependent and rather uncertain. We
hope this may be of help in discriminating among quantum cor-
rections, via a purely classical analysis.
The plan of this work is as follows: Section 2 derives Fried-
mann equations from different entropy corrections, considering a
Friedmann–Robertson–Walker (FRW) metric sourced by a perfect
ﬂuid. Section 3 considers the entropy rate enclosed by the ap-
parent horizon and in which the ﬂuid is in thermal equilibrium
with it. Section 4 extends the analysis by allowing the ﬂuid to be
phantom, for a period, or by allowing the production of particles.
Finally, Section 5 summarizes and discusses our ﬁndings.
2. Modiﬁed Friedmann equations
In this section we recall the derivation of the modiﬁed Fried-
mann equations in case of the classes of entropy corrections to
the Bekenstein–Hawking entropy in Eq. (1). As said above, this
semiclassical relation gets modiﬁed when quantum corrections are
taken into account.
Logarithmic corrections lead to the expansion [10–12]
S = kB
[
A
4l2pl
+ α ln A
4l2pl
]
, (3)
while power-law corrections yield [13]
S = kB A
4l2pl
[
1− Kα A1−α/2
]
, (4)
for the horizon entropy. In (4) Kα is a parameter that depends on
the power α of the entropy correction.
We wish to examine thermodynamical behavior of the system
consisting in the apparent horizon of a spatially ﬂat FRW universe
and the ﬂuid within it.
The FRW metric can be written as
ds2 = hab dxa dxb + r˜2 dΩ2,
where r˜ = a(t)r and hab = diag(−1,a(t)2). The apparent horizon is
deﬁned by the condition hab∂ar˜∂br˜ = 0 so that its radius turns out
to be
r˜ AH = c
H
, (5)
where H = a˙/a denotes the Hubble function. From expressions (3)
and (4) different cosmological scenarios can be considered, de-
pending on whether use is made of Clausius relation [7]
δQ = T dS, (6)
or the principle of equipartition of the energy, dE = kBd(NT )/2
[17]. In either case, the left-hand side represents the amount of
energy that crosses the apparent horizon within a time interval dt
in which the apparent horizon evolves from r˜ AH to r˜ AH + dr˜AH
dE = AAH Tμνkμkν dt.
Here Tμν = (ρ + P/c2)uμuν + P gμν/c2 is the energy–momentum
tensor of the perfect ﬂuid, and ka is the approximate generator of
the horizon, ka = (1,−Hr,0,0). It follows that
dE = 4π r˜3
(
ρ + P
2
)
H dt. (7)cTable 1
Expressions for f (α, H) and g(α, H).
Logarithmic correction
Equipartition f (α, H) = l2pα
2πc2
H2
{
1− 12 ln
(
πc2
l2p H2
)}
g(α, H) = 3l2pα
16πc2
H2
{
1+ 23 ln
(
πc2
l2p H2
)}
Clausius f (α, H) = l2pα
2πc2
H2
g(α, H) = 3l2pα
16πc2
H2
Power-law correction
Equipartition f (α, H) = −α 3−α4−α (Hrc)α−2
g(α, H) = − 3−α4−α (Hrc)α−2
Clausius f (α, H) = − α2 (Hrc)α−2
g(α, H) = −(Hrc)α−2
The change of the area of the apparent horizon, dAAH = 8π ×
r˜ AH dr˜AH , induces the entropy shift,
dS = ∂ S
∂ A
dA = −8π r˜
4
AH
c2
∂ S
∂ A
H H˙ dt. (8)
The number of degrees of freedom is assumed proportional to the
entropy whereby it also changes, and the same holds true for the
temperature of the system, that we take as the temperature of the
horizon [6]
TH = h¯
kB
c
2π r˜ AH
. (9)
By using Eq. (7) with either Clausius relation (6) or the equiparti-
tion principle (2), one gets the modiﬁed Friedmann equations,
H2
[
1+ g(α, H)]= 8πG
3
ρ, (10)
H˙
[
1+ f (α, H)]= −4πG
(
ρ + P
c2
)
, (11)
the explicit expressions of f (α, H) and g(α, H) depend on both
the entropy corrections and the thermodynamical relation em-
ployed, as shown in Table 1. It should be noted that, Eq. (10) can
be recovered from Eq. (11) and the evolution equation for the per-
fect ﬂuid:
ρ˙ + 3H
(
ρ + P
c2
)
= 0. (12)
In the case of the logarithmic correction the two approaches
differ by a logarithmic term that comes from the NdT contribu-
tion. Moreover, contrary to Ref. [15], we believe it should not be
neglected because ln(AAH/l2p) is larger than zero when the area of
the apparent horizon is of order of the Planck area.
On its part, power-law entropy correction gives the same cor-
rection to the Friedmann equations, the only difference lying in the
value of the coeﬃcients. The coeﬃcient rc , there, is related to the
dimensionless parameter α by Kα = α(4π)α/2−1/(4− α)r2−αc .
As can be noted, the α parameter directly comes from quantum
corrections to the entropy and it consequently affects cosmological
scenarios. Its value depends on the details of the quantum calcu-
lations, and for the time being there is not agreement on it. The
following analysis determines in which intervals this parameter re-
sults compatible with the GSL.
3. The generalized second law of thermodynamics
Equipped with the entropy expressions (3) and (4), we set out
to study whether the GSL is satisﬁed when the modiﬁed Fried-
mann equations (10) and (11) are employed.
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AAH ∝ H−2, it varies as
S˙ H ∝ F (H)H˙ .
Using Eq. (11), it can be cast in terms of the Hubble parameter and
the energy density and pressure of the ﬂuid that ﬁlls the universe
S˙ H = K F(H)
H3
(
ρ + P
c2
)
, (13)
where
K = 8π
2c5kB
h¯
and F(H) depends on the entropy corrections and the thermody-
namic relation used to derive Friedmann equations, namely
F(H) = 1+
αl2p H
2
πc2
1+ f (α, H2) , (14)
for logarithmic entropy corrections, and
F(H) = 1+ α(rcH)
α−2/2
1+ f (α, H) , (15)
for power-law corrections.
For the sake of clarity in what follows we split the analysis
for the two classes of entropy corrections, but in this section we
will only consider perfect ﬂuids assuming that the dominant en-
ergy condition (DEC) holds true (i.e., ρ + P/c2 > 0) all along the
expansion. Then, in view of Eq. (13) the GSL is satisﬁed provided
F(H) is non-negative which occurs only for some values of the
parameter α. In all the cases the results of general relativity [18]
are recovered, as it should, by setting α = 0.
3.1. Logarithmic entropy corrections
For convenience, we introduce the dimensionless variable x =
l2p/AAH so that x  1 at the quantum regime and, provided H˙ < 0,
it decreases as time goes on. In terms of this new variable and
using the equipartition theorem, Eq. (2), we have that
F(α, x) = 1+ 4αx
1+ 2αx(1+ 12 ln4x)
. (16)
We require F(α, x) to be non-negative, if the GSL is to hold, as
well as ρ  0, not to deal with ghosts. From Friedmann’s equation
(10) with g(α, H) given for the logarithmic correction of entropy,
it translates into the condition
ρ
H2
∝ 1+ g(α, x) = 1+ 3
4
αx
(
1+ 2
3
ln4x
)
 0. (17)
Fig. 1 depicts the regions in the plane (x,α) where F > 0 is ful-
ﬁlled and those in which F < 0. We believe that the allowed
values for α are just those such that the GSL holds throughout
the expansion of the Universe. The upper bound on α is given
by the local minimum of the dashed curve, that is α = 4e3, and
the lower bound by the intersection of the dotted curve with the
line x = 1 (i.e., when horizon area equals Planck’s area), that is
α = −1/4 (not shown). Positive values of α seem to be largely fa-
vored, which is also consistent with some quantum calculations of
the entropy corrections [19].
By using Clausius relation (6), instead, and adopting the above
deﬁned variable x we getFig. 1. Plot of the sign of F depending on α along the Universe expansion, in the
case of the logarithmic correction and the equipartition principle. Here, x = l2p/AAH .
The plot focuses on the range 0 < x < 0.1 but in the remaining region the curves
behave monotonically. Bear in mind that the smaller x, the older the universe is.
Fig. 2. Same as Fig. 1 but with the equipartition principle replaced by Clausius rela-
tion.
F(x,α) = 1+ 4αx
1+ 2αx , (18)
ρ
H2
∝ 1+ g(α, x) = 1+ αx. (19)
As seen in Fig. 2, the GSL is satisﬁed (F(α, x)  0), for α >
−1/(4x).
3.2. Power-law entropy correction
Before applying the GSL let us look at the Friedmann equations
for power-law entropy correction. Inspection of Eq. (4) shows that
the values of α = 0 and α = 2 are special, in the sense that for
α = 0 there are no entropy corrections and the equations reduce
to the corresponding general relativity expressions with a cosmo-
logical constant. Likewise α = 2 represents just a renormalisation
of Newton constant, G . Bearing this in mind, we start the analysis
by introducing the dimensionless variable x = (rc H)−1, and identi-
fying the crossover scale rc with H
−1
0 , as in [20]. Thus x tends to
zero in the far past and its today value is x0 = 1 (provided, again,
that H˙ < 0).
By virtue of Clausius’ relation (6), the positive energy condition
1+ g(α, x) = 1− x2−α  0
implies
α  2.
Likewise, the function F in Eq. (13) adopts the form
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power-law correction and Clausius relation. Here x = H0/H .
F = 1+ αx
2−α/2
1− αx2−α/2 , (20)
and it is non-negative in the ranges{
α < −2 and 0 < x < (−α2 )(2−α),
−2 α < 2 and 0 < x < 1,
as seen in Fig. 3. The latter shows that the GSL remains valid
throughout the expansion so long as −2  α < 2. When use is
made of the equipartition relation one is led to the same func-
tional modiﬁcation of the Friedmann equations, ∝ Hα , but with
different coeﬃcients, which depend on α. In this case, ρ  0 im-
plies
1+ g(α, x) = 1− 3− α
4− α x
2−α  0
and
F = 1+ αx
2−α/2
1− 3−α4−ααx2−α
. (21)
Now, F is non-negative in the following ranges⎧⎪⎪⎪⎨
⎪⎪⎪⎩
α < −2 and 0 < x < (−α2 )2−α,
−2 α < 2 and 0 < x < 1,
2 < α < 3 and (α(α−3)α−4 )
2−α < x < 1,
3 α < 4 and 0 < x < 1.
As can be easily learnt from Fig. 4, this approach allows a wider
range for the parameter α which can now lie in the range 3 
α < 4, as well.
4. GSL with phantom ﬂuid or particle production
This section investigates whether by relaxing the dominant en-
ergy condition (DEC) or by allowing particle production, the range
of values of α compatible with the GSL gets wider. The above anal-
ysis shows that this may be the case but there are regions where
the GSL is still violated so long as ghost ﬁelds are excluded. In
Figs. 1–4 these regions are explicitly marked.Fig. 4. Same as Fig. 3 but with Clausius relation replaced by the equipartition prin-
ciple.
4.1. Phantom ﬂuid
We begin with the logarithmic corrections to the horizon en-
tropy. First we note that an equivalent rewriting of the entropy
rate in Eq. (13), for both Eqs. (16) and (18), is
S˙ ∝ (1+ 4αx) H˙
H3
.
Then, for non-superaccelerated expansion (H˙ < 0), the GSL will be
fulﬁlled if 1 + 4αx < 0. This means that we the line α = −1/4
should not be crossed if a meaningful description of the expansion
is required.
Nevertheless, we can focus on the positive range of the α pa-
rameter in case of equipartition of energy that, as inspection of
Fig. 1 reveals, can be enlarged from the minimum of the dashed
curve, α = −(2x + x ln 4x)−1, to the minimum of the dot-dashed
curve, α = (3x + 2x ln 4x)−1, by allowing the ﬂuid to be phantom
during the evolution. These positive values of α may be seem too
big, but they are not inconsistent with quantum calculations [19].
Let us note that, at present, x0 = l2pH20/4πc2 ∼ 10−98. This
means that the phantom phase lies far in the past. Could it give
rise to a “reasonable” inﬂation? The ﬁrst thing to check is whether
there are accelerated phases in this modiﬁed theory of gravity (be-
cause of quantum corrections proportional to α). Introducing the
parameter γ appearing in the equation of state, p = (γ − 1)ρ , in
the phantom region, when γ < 0 and F < 0, positive values of α
are compatible with acceleration a¨ > 0 provided that the inequality
γ >
2(1+ f (α, H))
3(1+ g(α, H)) ,
is fulﬁlled. Then, an inﬂationary period can be obtained for 4e3 <
α < 8e5/2; the latter bound corresponds to the minimum of the
dot-dashed curve in Fig. 1.
For this early inﬂation to be successful in solving the problems
of the standard big-bang model it must yield a suﬃcient number
of e-folds, N ∼ 60. Bearing in mind Eqs. (10) and (11) we get
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t f∫
ti
H dt = −1
3
x f∫
xi
1
γ
1+ f (α, x)
1+ g(α, x)
dx
x
. (22)
The question now reduces to ﬁnding an appropriate expression for
γ (x) such that the ﬁeld can be phantom for a period that gives
a suitable number of e-folds, with the initial and ﬁnal values of
the phantom period being the intersection of the line of a given α
with the appropriate curve in Fig. 1.
In the case of logarithmic entropy correction and equipartition
of energy, Eq. (22) can be analytically integrated to give a constant
value of γ . For example, for α = 90, one has,
N(α = 90) = 60 → γ  −0.002.
Although this is just a rough estimate it makes clear that, given
an evolution for the equation of state parameter, it suﬃces that
it slightly crosses the phantom divide-line to get a convenient
amount of inﬂation.
In the case of power-law entropy corrections, allowing for a
phantom ﬁeld may enlarge the range of the α parameter towards
negative values, but a deeper analysis of the evolution equation
shows that the requirement that the GSL is fulﬁlled forces the Hub-
ble parameter and the dimensionless variable we have deﬁned, not
to cross the curve x = −(α/2)2−α of Fig. 4. In fact, the entropy rate
can be written as
S˙ = −
[
1+ α
2
x2−α
]
x˙x,
hence in the region above that curve x˙ must be negative, and in
the region below, positive (H˙ < 0 and γ > 0).
Actually this depends on the choice of the crossover scale rc
that we have identiﬁed as H−10 . Nevertheless, if this also depends
on the parameter α, through a factor, the whole negative region
can correspond to a meaningful expansion, with H˙ < 0 and ρ +
P/c2 > 0; while all non-accessible regions shifting to the positive
sector, with a wider range in case the Clausius relation to be used.
Thus, the results strictly depend on the explicit choice of the
crossover scale, once assumed its order of magnitude, is about
H−10 ; but it seems that the negative region is accessible, provided
a redeﬁnition of the scale is made, while the positive part remains
largely determined by the power-law dependence.
4.2. Particle production
As is well known, on a phenomenological level particle pro-
duction can be described in terms of an effective bulk viscosity
Π = −3ζH , with ζ the coeﬃcient of bulk viscosity [21–24]. Thus
the total pressure is
P = p + Π, (23)
where p = (γ − 1)ρ , denotes the equilibrium pressure. In the case
of a isentropic particle production there exists a general relation
between the viscous coeﬃcient and the particle production rate
[24,25]. In this effective picture, in which particles are accessible
to a perfect ﬂuid description soon after their creation, Eqs. (11)
and (12) stay as they are only that P is now given by Eq. (23).
Likewise, the entropy rate acquires a new term entirely due to the
increase in the number of particles:
S˙ f = R
3Π2
T f ζ
, (24)
where R3 is the 3-spatial volume enclosed by the horizon, R3 =
4πc3/(3H3). As before, the ﬂuid is assumed in thermal equilibrium
with the horizon (see Eq. (9)).Fig. 5. 3-dimensional plot of the inequality in Eq. (27) in terms of the pair of pa-
rameters (i.e. α, B) and the dimensionless x variable.
By using Eqs. (13) and (24), the total entropy rate is
S˙ = S˙ H + S˙ f = K
[
Π2
3ζ c2H4
+ F
H3
(
ρ + P
c2
)]
. (25)
The ﬁrst term, with particle creation, can allow some region to
be reached, in the sense that GSL can hold with a non-phantom
ﬂuid. Inspection of Figs. 1 and 2 shows that in case of logarith-
mic entropy corrections, the α negative range from −1/4 to −1
could be accessible. In fact, in this region the ﬁeld is non-ghost
and it was discarded not to have a superaccelerating evolution so
long as S˙  0. Moreover, α = −1/2 often appears in the literature
[10,11,26].
Now, because of effective viscosity, a positive term has been
included in the entropy rate.
So, GSL will hold if
F(α, H) 1
1− γ c28πGζ H(1+ g(α, H))
. (26)
In arriving to this expression we have made use of(
ρ + P
c2
)
= 3γ
8πG
H2
(
1+ g(H))− 3ζH
c2
.
In terms of the dimensionless variable x, Eq. (26) can be written
as
F(α, x) B
B − γ√x(1+ g(α, x)) , (27)
where B = ζ√16πGlp/c3.
It follows that particle production allows to enlarge the α range
from −1/4 → −1/2 in the case of Clausius relation, and from
−1/4 → −(2 + ln 4)−1 in case of equipartition of energy. This is
depicted in the 3-dimensional plot of Fig. 5 that refers to the lat-
ter, and in which a constant value of α can be maintained all along
the expansion, provided a certain amount of particle production is
permitted (B = 0).
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In this Letter we investigated the constraints imposed by the
GSL on modiﬁed Friedmann equations that arise from quantum
corrections to the entropy-area relation, Eq. (1). As is well known,
the GSL is a powerful tool to set bounds on astrophysical and cos-
mological models—see e.g. [27–30].
Cosmological equations follow either from Jacobson’s approach,
that connects gravity to thermodynamics by associating Einstein
equations to Clausius relation (6), or Padmanabhan’s suggestion
that relates gravity (i.e., Einstein equations) to microscopic degrees
of freedom through the principle of equipartition of energy (2).
We analyzed two entropy-area terms, logarithmic (3), and power-
law corrections (4), the former coming from loop quantum gravity,
the latter from the entanglement of quantum ﬁelds.
Both quantum corrections have been widely investigated but,
since they come from very different techniques, one should not be
surprised that total agreement on these corrections is still miss-
ing. In particular, there is a lack of consensus on the value of
the constant parameter α. Our work aimed to discriminate among
quantum corrections by requiring, via a classical analysis, the GSL
to be fulﬁlled throughout the evolution of the Universe. This sets
constraints on the value of the parameter.
We ﬁrst investigated the intervals of values of α compatible
with the GSL by assuming that the DEC holds true for the perfect
ﬂuid that sources the gravitational ﬁeld of the FRW universe. In the
case of logarithmic corrections to the horizon entropy this gives a
wide range, in which positive values are largely favored, with no
upper bound in the case of the modiﬁed Friedmann equation de-
rived from Clausius relation. Negative values of α are consistent
with the GSL only up to α = −1/4, hence discarding two neg-
ative values that have been suggested in the literature, namely,
α = −1/2 [11], and α = −3/2 [31].
In the case of power-law entropy corrections, our analysis fa-
vors positive values of α, though they are expected to be negative.
Only a small concordance range appears when modiﬁed Friedmann
equations from the equipartition of energy are employed. Speciﬁ-
cally, the interval 3 < α < 4 corresponds to a power-law correction
with an index between −1 and 0, that has been analytically or
numerically obtained [13,32].
The second part of our analysis considered the possibility of
enlarging the allowed interval of α in the case of logarithmic en-
tropy corrections by considering either a phantom phase for the
ﬂuid or particle production modelled as an effective bulk viscosity.
Phantom behavior affects positive values of α while particle pro-duction could enlarge the negative range and incorporate the value
α = −1/2 that seems widely accepted in literature [11].
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